In [S. Akbari, J. Algebra 217 (1999) 422-433] it has been conjectured that if D is a noncommutative division ring, then D * contains no nilpotent maximal subgroup. In connection with this conjecture we show that if GL n (D) contains a nilpotent maximal subgroup, say M, then M is abelian, provided D is infinite.
Introduction
The structure of matrix groups over division rings is completely different from that of linear groups. Linear groups are now very well understood. But when we deal with skew linear groups everything changes. There are a lot of skew linear groups which are very different from linear groups. In this paper we investigate some properties of maximal subgroups of the general skew linear group. The structure of such groups have been studied in various papers (e.g., see [1] [2] [3] [4] ). An interesting question which has not been answered yet is whether the multiplicative group of every noncommutative division ring has a maximal subgroup. In [4] it is conjectured that the multiplicative group of a division ring contains no nilpotent maximal subgroup. In connection with this conjecture, in [1] it is proved that if D is a division ring with center F and M is a nilpotent maximal subgroup of D * such that F [M]\F contains an algebraic element over F , then M is abelian. Here using crossed products we omit the above condition and prove a more general statement, namely for any natural number n and any infinite division ring D, the group GL n (D) contains no nonabelian nilpotent maximal subgroup.
Notations and conventions
For a group G and a subset S of G we denote by Z(G), Z r (G), G , C G (S), and N G (S) the center, rth center, derived subgroup, centralizer of S in G, and normalizer of S in G, respectively.
Let R be a ring and X a subset of R. The set of all non-zero elements of X is denoted by X * . The group of units of R is denoted by U(R). Let R be a ring and S a subring of R. Suppose that G is a subgroup of U(R) normalizing S. If R = S[G] (i.e., the ring generated by S and G) and if N = G ∩ S is a normal subgroup of G with R = t ∈T tS for some transversal T of N to G, we say (R, S, G, G/N) is a crossed product. Let D be a division ring with center F and n be a natural number. We denote by M n (D) the ring of n × n matrices over D and denote by GL n (D) its group of units. Also denote by SL n (D) the derived subgroup of GL n (D) . Suppose that G is a subgroup of GL n (D). Obviously we can regard D n as a D-G bimodule. We say that G is irreducible, reducible, or completely reducible, whenever D n has the corresponding property as
Results
The structure of maximal nilpotent subgroups of general linear group was extensively studied by Suprunenko; the main results can be found in [11] . Here we study the structure of nilpotent maximal subgroups of GL n (D) for a natural number n and a division ring D. First we state the following useful lemma. 
Lemma 1. Let D be a division ring with center F and M be a maximal subgroup of D
is a division ring such that its multiplicative group is locally solvable. Hence by Remark 2 we conclude that F (M ) * is abelian. Now using the fact that M ¡ M and Zorn's Lemma we can find a maximal normal abelian subgroup Now we claim that M\K contains no element which is algebraic over K. Suppose that x ∈ M\K is algebraic over K. Assume that x satisfies an equation of the form n i=0 k i x i = 0, where k i ∈ K for any 0 i n and k n = 1. Using the fact that x normalizes K and the above equality one can easily show that R = n i=0 Kx i is a ring that is of finite dimension as a left vector space over K. Therefore it is a division ring. If we set N = K * x , by the fact that x / ∈ K we conclude that N is a subgroup of D * properly containing K * ; hence by what we proved before we obtain that F (N) = D. On the other hand obviously we have that R = F (N). Therefore [D : K] < ∞. Thus by [1, Lemma 6] we conclude that D is a finite dimensional division ring, which is a contradiction. Therefore every element of M\K is transcendental over K. Now let a ∈ M\K and set T = K * a 2 . Using the fact that a is transcendental over K one can assume the ring F [T ] = i∈Z Ka 2i and conclude that (F [T ] , K, T , T /K * ) is a crossed product. On the other hand T /K * a 2 is the infinite cyclic group. Hence by [10 To prove our main result we need the following theorem. A proof of this theorem can be found in a series of papers [6] [7] [8] .
Theorem B. If R is a prime ring such that U(R) satisfies a group identity and generates R as a ring, then either R is a domain or R is isomorphic to the algebra of n × n matrices over a finite field. Now we are in a position to prove our main theorem as follows.
Theorem 6. Let D be an infinite division ring and n a natural number. If M is a nilpotent maximal subgroup of GL n (D), then M is abelian.
Proof. The case n = 1 was done in Corollary 5, so we can assume that n 2. Observing Theorems 12 and 13 of [1] we can assume that M is not absolutely irreducible and D is infinite dimensional over its center F . First we show that M is irreducible. If it is not the case, then there exists a natural number m < n such that M is conjugate to the group 
